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Summary. An elastomeric bushing is a device used in automotive suspension systems to cushion the loads 
transmitted from the wheel to the frame of the vehicle. A bushing is essentially an elastomeric hollow 
cylinder which is bonded to a solid metal shaft at its inner surface and a metal sleeve at its outer surface. 
The shaft is connected to the suspension and the sleeve is connected to the frame. The elastomeric cylinder 
provides the cushion when it deforms due to relative motion between the shaft and the sleeve. The relation 
between the force or moment applied to the shaft or sleeve and the relative displacements or rotations is 
nonlinear and exhibits features of viscoelasticity. 
A force(moment)-displacement(rotation) relation for elastomeric bushings is important for multi- 
body dynamics numerical simulations. A boundary value problem for the bushing response leads to a 
relation which requires extensive computation time to implement and is hence unsuitable. In a separate 
study, a force(moment)-displacement(rotation) relation for single mode response has been proposed 
which can be used in multi-body dynamics simulations. The relation is expressed in terms of a force 
(moment) relaxation function for the bushing, and a method for its determination by experiments on 
bushings has been presented. The applicability of this relation for torsional mode bushing response is 
evaluated in the present work. 
A boundary value problem is formulated for torsional mode bushing response. Numerical solutions 
of the boundary value problem represent the exact bushing response and act as numerically generated 
experimental data. The proposed moment-rotation relation is constructed using this data. Numerical 
solutions of the boundary value problem also allow for comparison between the exact moment-rotation 
behavior and that predicted by the proposed model. It is shown that the method for determining the 
bushing relaxation function and the predictions of the proposed moment-rotation relation are in very 
good agreement with the exact results. 
1 Introduction 
Elastomeric bushings are structural  elements which are used in suspension systems of  au tomo-  
biles and other vehicles. A bushing is, in effect, a hol low cylinder of  elastomeric mater ia l  con- 
tained between an outer  steel cylindrical sleeve and an inner steel cylindrical rod. The steel 
sleeve and rod are connected to components  of  the automot ive  suspension system and are used 
to transfer forces and moments  from the wheel through the elastomeric mater ial  to the chassis. 
The elastomeric mater ial  is used to reduce shocks and vibrat ions in the connection. Because 
they are connected to different par ts  of  the suspension system, the sleeve and rod  undergo rela- 
tive axial displacements a long and rotat ions about  their common centerline, as well as a long 
and about  axes perpendicular  to the centerline. It is this relative mot ion  that  stresses the elasto- 
meric mater ial  and allows for the transmission of  forces and moments  through the bushing. 
In analyzing suspension systems that  contain  bushings, engineers have made  use of  multi-  
body dynamics analysis, a tool  of  computer-a ided engineering used in many engineering and 
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manufacturing industries, and especially in the automotive industry. Experience using this 
tool has led engineers at Ford Motor Company to conclude that it is essential to choose the 
correct bushing model in order to obtain accurate predictions of the dynamic behavior of the 
suspension system and, in particular, to obtain accurate predictions of the dynamic loads that 
act on the suspension system components which are supported by bushings (Ledesma et al. 
[1]). In these multi-body dynamics codes, the bushings are typically modeled by using a system 
of force-displacement relations (used here in the generalized sense to also mean a relation 
between moment and rotation). Thus, determining the correct force-displacement relation for 
a bushing becomes an important task. This task, however, is made difficult by the presence of 
the elastomeric material in the bushing. This material is viscoelastic and nonlinear; hence, it 
causes the relation between a force or moment and its corresponding displacement to be non- 
linear and time dependent, as well as causing coupling between the different modes of 
response. Experimental data from single mode tests carried out at the Center for Automotive 
Structural Durability Simulation at the University of Michigan indicate that a bushing force 
has a nonlinear dependence on the corresponding displacement and that the nonlinearity is 
manifested under normal operating conditions. The data also indicate that bushings exhibit 
characteristics of viscoelastic response such as force relaxation and hysteresis under sinusoidal 
oscillations. This viscoelasticity cannot be neglected because it is a mechanism for energy dis- 
sipation and, thus, analyzing its effect is essential for accurate calculations. 
There are two basic approaches which can be used to determine the required force-displa- 
cement relation for a bushing. The first, a standard approach used in applied mechanics, com- 
bines a three-dimensional constitutive equation for the bushing elastomeric material with the 
equations of equilibrium and strain-displacement equations to define an appropriate boun- 
dary value problem describing that mode of response. Because of the nonlinearity of response, 
this procedure does not generally result in an explicit mathematical relation between force 
and displacement. If a force or displacement is specified, the other quantity is determined by 
solving the boundary value problem. The advantage of this approach is that, in concept, it 
can be used to calculate the force-deformation relation for any desired bushing design. One 
disadvantage of this approach is that the development of a constitutive equation for nonlinear 
viscoelastic response is in itself a very formidable task involving an extensive experimental 
program. Very few examples of such constitutive equations appear in the literature. A second 
disadvantage is that the force-displacement relation is defined implicitly as the solution to a 
boundary value problem. Using this model requires repeated numerical solutions of this 
boundary value problem. This is computationally intensive and, hence, is undesirable for 
incorporation in multi-body dynamics simulations. 
The second approach is to attempt to determine this force-displacement relation directly 
from experiments. The advantage of this approach is that it produces an explicit force-displa- 
cement relation which is convenient for later use in multi-body dynamics analysis. On the 
other hand, a disadvantage is that the process must be repeated for each new bushing design. 
Another disadvantage is that it does not allow for the examination of the response of the ela- 
stomeric material at a local level. 
Very few studies of the development of force-displacement relations for bushings have 
been found in the open literature. In the studies that do exist, the first approach mentioned 
above is used exclusively. Adkins and Gent [2] developed force-displacement relations for 
radial, axial, torsional, and conical modes of deformation of bonded cylindrical bushings. 
Their results were obtained using the linear theory of elasticity and thus do not account for 
nonlinear, time dependent effects, or coupling between modes. Morman, Kao, and Nagtegaal 
[3] modeled the elastomeric bushing material as a nonlinear viscoelastic solid. They assumed 
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an appropriate constitutive equation and presented a finite element method for analyzing the 
response for small amplitude oscillations superposed on large equilibrium deformations. Al- 
though their method is important for studying many aspects of bushing response, it does not 
account for transient response and is thus of limited use in a multi-body dynamics code. I f  
other studies have been performed, they are proprietary and not available in the open litera- 
ture. 
In [4], Wineman, VanDyke, and Shi used the second approach and suggested a force-dis- 
placement relation for single mode bushing response which combines nonlinear dependence 
on displacement with the time dependence of viscoelasticity. It is expressed in terms of a force 
relaxation function, a bushing property which is to be determined directly by experiment. The 
force relaxation function represents the force which arises when the bushing is subjected to a 
step displacement history. Although this displacement history cannot be realized in an actual 
experimental program, it can be approached by an appropriate sequence of displacement 
histories. A method was presented for determining the force relaxation function by extrapola- 
ting the measured force responses obtained in an experimental program in which a bushing is 
subjected to this sequence of displacement histories. The method was implemented using data 
obtained in radial mode response. This force-displacement relation has been incorporated in a 
multi-body dynamics code (see Ledesma et al. [1]). 
The purpose of the present work is to assess the applicability of the approach introduced 
in [4] for the development of a moment-rotation relation for torsional mode response. This is 
done by formulating a boundary value problem for torsional mode bushing response as 
would be done in the first approach discussed above. Simulations carried out with the equa- 
tions for this boundary value problem represent the exact bushing response. One set of simu- 
lations produces numerically generated 'experimental' data which are used to determine the 
moment relaxation function property in the proposed moment-rotation relation. A second set 
of simulations is used to compare the predictions of the moment-rotation relation and the 
mathematical model for the exact response. 
While it would be desirable to carry out this assessment using general nonlinear viscoela- 
stic properties of the elastomeric bushing material, such a study is beyond the scope of this 
work. In the present work, numerical comparisons are made using a single specific constitu- 
tive model. This constitutive equation for the nonlinear viscoelastic response of the elasto- 
meric bushing material is presented in Section 2. The moment-rotation relation for the bush- 
ing introduced in [4] and the method for measuring its moment relaxation function are 
outlined in Section 3. The formulation of the mathematical model for torsional mode 
response of a bushing is presented in Section 4. This mode of response is selected so as to 
take advantage of simplifications arising from axial symmetry and material incompressibi- 
lity. Because of the nonlinearities in the exact bushing model, an explicit relation between 
moment and rotation is not possible. Instead, determination of the exact moment or rota- 
tion history, when the other is specified, requires the solution of a system of nonlinear inte- 
gral equations. Solutions of this system for several moment and rotation histories are pre- 
sented in Section 5. In Section 6, the extrapolation method for determining the moment 
relaxation property is carried out using numerically generated 'experimental' data obtained 
from the exact mathematical model. It is shown that there is very good agreement between 
the moment relaxation function obtained by the extrapolation method and the exact one. 
Solutions of the proposed moment-rotation relation and of the mathematical model for 
exact bushing response are compared in Section 7. The results show that the proposed 
moment-rotation relation can provide a good approximation to the exact one. Section 8 
contains final comments. 
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2 Constitutive equation for elastomeric bushing material 
The current time is denoted by ~, and s denotes an ealier time, so that - ~  < s < ~. Let X 
denote the position of a material particle in the reference configuration, which is also taken as 
the undeformed configuration. The position of the material  particle at time s is x(s).  The 
mot ion of a body is then decribed by a relation of  the form 
x(s)  = x (X,  8), - o o  < s _< ~. (2.1) 
The deformation gradient at the particle at time s is denoted by F(s) .  Its components  with 
respect to a Cartesian coordinate system are given by 
[ oxj  j (2.2) 
The motion is assumed to be smoothly invertible, that  is, det F(s)  ~ 0, so that 
X = X l (x(s ) ,  s ) .  (2.3) 
The left Cauchy-Green strain tensor is defined by B(~) = F(~)[F(t)] w. With respect to a 
Cartesian coordinate system, its invariants I1 and I2 are given by 
{ B . B z  - BijB j} (2.4) I1 = Bii, 12 = ~ 
The assumption of incompressibility requires that det F(t)  = 1. For  notational convenience, 
B = B(t). 
Let the relation in Eq. (2.3) be evaluated at the current time t, and then be combined with that 
in Eq. (2.1). The result is a description of the mot ion at time s relative to that at time ~, 
x(s)  = ~(x(~); s, t ) .  (2.5) 
The relative deformation gradient is then denoted by Fe(s), and its components  with 
respect to Cartesian coordinates are given by 
F (8) = &5(t) J (2.6) 
This can be expressed in terms of the deformation gradient defined in Eq. (2.2) by 
Ft(8) = F(8) F- I (~) .  (2.7) 
The right relative Cauchy-Green tensor is defined by Ct(s) = [Ft(s)]TFt(s),  and the mate-  
rial time derivative of  C,(s)  is defined by 
_ (2.s) 
A three-dimensional constitutive theory for the isothermal response of  an incompressible 
isotropic viscoelastic material  has been developed by Coleman and Noll [5]. This theory utili- 
zes the notion of fading memory  to develop an approximation to the exact constitutive equa- 
tion. When the deformation is carried out sufficiently slowly, in a sense that can be made 
mathematical ly precise, then the first order approximat ion expresses the stress as a single time 
integral whose integrand depends on appropriate  strain tensors. 
Torsional response of an elastomeric bushing 203 
Lianis and co-workers [6]-[ l l ]  carried out an extensive experimental program to deter- 
mine the specific form of the single integral constitutive equation for styrene-butadiene rubber 
under isothermal conditions. They arrived at a final form of the constitutive equation by a 
process described in [10] as "involving trial and error, cross plotting and curve fitting over a 
wide range of uniaxial and biaxial relaxation data." By experimental verification, they showed 
that their constitutive equation produces accurate results for other deformation histories. 
The constitutive equation developed by Lianis and co-workers has the form 
c r ( t ) = - / 3 ( t ) I +  a+(2.1 2) ~ + 1 1 [ c + d ( / 2 - 3 ) ]  B - [ c + d ( / 2 - 3 ) ] B  2 
+ 2 f [Po(t - 8) + (I2 - 3) Qo(t - 8)] ~ ( 8 )  d8 
--00 
t 
@ (t - 8) 
- o o  
where :b is a scalar which arises from the constraint of incompressibility. P0 (t), Q0 (t), PI (t), 
Qz(t), a, b, c, and d are material properties and are determined from the experimental data. 
The material constants (a, b, c, d) and the values of the material property functions represen- 
ted by (Po(t), Qo(t), Pl(t), Ql(t)) are given at the set of times shown in Table 1 [10]. When 
time t is different from the values listed in Table 1, Po(t), Qo(t), Pl(t) and Ql(t) are evaluated 
by using linear extrapolation and interpolation. Linear extrapolation is used to obtain the 
values from t = 0 to t = 1 sec. and linear interpolation is used above t = 1 sec. 
3 Nonlinear viscoelastic torsional moment-rotation relation 
As discussed in the Introduction, we consider a moment-rotation relation for the bushing 
which combines nonlinear dependence on rotation and time effects of viscoelasticity. The 
simplest relation which meets these conditions appears to be that introduced by Pipkin and 
Rogers [12] for the nonlinear viscoelastic response of polymers. In the current context, it has 
the form 
t 
0t~(A(s), t 8) M(t) = R(zX(t), O) + / ~ 7 )  ds, (3.1) 
0 
in which M(t) and A(t) denote the torsional moment and angle of rotation at time t, respecti- 
vely. By applying integration by parts to Eq. (3.1), the Pipkin-Rogers model is rewritten as 
follows: 
t 
f on(~(8), t - ~) d~(8) M(t) = n (~(0 ) ,~ )  + 0~(8)  d8 ds. (3.2) 
0 
R(A, t) is a property of the bushing and represents the moment at time t due to a step rotation 
of amount A applied at time zero. That is, R(A, t) can be interpreted as the rotation depen- 
dent moment relaxation function. It is reasonable to assume that R ( 0 - , t ) =  0 and that 
R(A, t) is a monotonically decreasing function of t. 
Ideally, R(A, t) can be determined by subjecting the bushing to a deformation in which 
the outer shell undergoes a step rotation with respect to the inner rod. This ideal process can- 
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not be realized due to the inertia of  the testing apparatus.  A method which can be used to 
determine R(A, t) has been developed and presented in [4] and is outlined here. 
Consider a rotation history which increases at a constant rate to angle Ai in time interval 
Tj*, and is then held fixed. This history is described by 
Ai 
= t ,  o < < T ? ,  
(3.3) 
= A i ,  Tj* < t, 
where Tj* is defined as the rise time. Let this rotation history be denoted by A(Ai,  Tj*, t) and 
be called a ramp rotat ion control test. 
The moment  history corresponding to this ramp rotat ion history can be expected to 
increase monotonically until time Tj*, and then relax for times t > Tj*, when the rotation is 
held constant. As Tj* approaches zero, the ramp rotat ion control test approaches the step 
rotation control test. Moreover,  as Tj* approaches zero, the moment  response can be expected 
to approach the rotat ion dependent moment  relaxation function R(Ai, t). In order to show 
this, let Eq. (3.3) be substituted into Eq. (3.2), and consider any time t > ~* .  Since 
R(A(O), t) = R(0, t) = 0 and dA(s)/ds = O, s > Tj*, 
t -  8) 
M(t) = j ~ ( s )  ds ds. (3.4) 
0 
This moment  will be denoted by/~(Ai,  t, Tj*). 
In Eq. (3.4), let the integration variable be changed from s to A = Ais/Tj*. Also, let 
= ~ *  + t, where t denotes a fixed time measured from Tj*, when the rotation is held con- 
stant. Then, Eq. (3.4) becomes 
( f~, O R A, i + Tj* 1 -  -~i 
- ^ * / d A .  ( 3 . 5 )  R(zx , t, ) = 0zX 
t /  
0 
As ~ *  approaches zero, Eq. (3.5) becomes 
Ai 
f oR(zx, i) lim /~(A~, t, TS) = dA = R(A~, ~). (3.6) 
T/--+O OA 
o 
Let Ai, i = 1, 2, 3, . . . ,  na  be the set of  angles of  rotat ion and let Tj*, j = 1, 2, 3, . . . ,  nT* 
be the set of  rise times at which the ramp rotation history described in Eq. (3.3) is carried out. 
Consider a fixed value of  rotat ion Ai and let the rise time Tj* decrease as j increases, that is, 
Tr < Tj*. A set of  such histories is shown in Fig. la. Because of experimental limitations, 
the limit Tj* ~ 0 cannot  be reached. This difficulty is approached as follows. 
Let/~exp (Ai, Tj*, t) denote the experimentally determined moment  history response at time 
t > Tj*. When the slope of ramp rotation history A(Ai,  Tj*, t) changes f rom positive to zero 
at the rise time Tj*, the slope of the moment- t ime response changes from positive to negative 
at time Tj*. 
Let t be a fixed time interval measured from this break in the slope at time Tj*, that is, 
t = t + T S.  For  the rise times Tj*, j = 1, 2, 3, . . . ,  nT', /~exp(Z21i, Tj*, rj* + ~) denotes a set of  
data points associated with time { and rotat ion Ai. Figure lb shows plots of  the experimen- 
tally determined moment  history/~exp(Ai, Tj*, t) versus t, at  a fixed value of t, for several rise 
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Fig. 1. Ramp rotation control tests a Rotation history (input), b Moment (output), c Moment extrapola- 
tion 
times Ty*. Figure lc shows a plot of/~exp(Ai, T*, T* + ~ versus T*, indicating the values cor- 
responding to t and the rise times of Fig. lb. 
Let/~nt (Ai, {, T*) denote a function of T* which is fit to this set of data points, so that 
_0S~(A~, t, T? )  = -0oxp ( A ,  T / ,  T / +  t ) ,  T / ,  j = 1, 2, 3, . . . ,  nT.. (3.7) 
/~fi~(Ai, {, T*) is used to extrapolate the data for Ty*, j = 1, 2, 3, . . . ,  nT* to T* = 0. In parti- 
cular, it is assumed that 
lim ^ * ~) (3.8) r,_+o lL~p ( ~ , Tj , m? + 
: R ( a , ,  ~ 
A choice for /Tfit(Ai, t ,T*) was developed by assuming that in Eq. (3.4) OR(A, x ) /OA  = 
go + 91 exp(-x/~-)  for some set of constants g0, 91, and r. This leads to the relation 
^ ^ ,  ( 1 - e  (T'/~)) 
R s , ( A ,  ~, ~ ) = C~ + C~ (T*I~-) " (3.9) 
C1, C2, and ~- are constants which are found by minimizing 
(3.10) 
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By substituting Eq. (3.9) into Eq. (3.8) and using the result that  IimT.~ 0 [(1 - e-(T*/~) ) / (T* /T)] 
= 1, it is found that  
R(A{, [) : G + C2. (3.11) 
The process indicated in Eqs. (3.10) and (3.11) can be carried out on any specified set of  angles 
of  rotation Ai and times {. The result provides the values 1{(A{, {) on this set. 
4 Response of elastomerie bushing material 
The bushing is treated as a long hollow cylinder of  elastomeric material bonded to a long 
rigid rod at its inner surface and a long rigid sleeve at its outer surface. End effects and inertia 
are ignored and the system is axially symmetric. In this study, only axially symmetric defor- 
mations are considered. 
The reference configuration, which is the undeformed configuration, is referred to cylin- 
drical coordinates 1{, O, and Z. The current configuration is referred to cylindrical coordina- 
tes denoted by r, 0, and z. The bushing is at rest in its reference configuration for times t < 0. 
For  times t > 0, the inner rod is subjected to a torsional moment  M(t), and undergoes a rota- 
tion with respect to the outer sleeve. During the deformation, the cylindrical surface at radius 
R undergoes an angle of  rotation, which is denoted by 9(1{, t). After taking incompressibility 
into account, the mot ion of  the cylinder is then described by 
r(1{, t) = 1{, 
O(R,t) = 0 + 9(R,t),  (4.1) 
41{,  t) : z .  
Since the outer sleeve is heId fixed, 9(t{o, t) = 0. The inner rod undergoes rotation g(/h,  t). 
The components  of  the deformation gradient and the relative stretch tensor with respect 
to cylindrical coordinates are given by [1 oo] 
og(R,t) 
F ( R , t ) =  R ~ -~  1 = h ( , t )  1 0 , 
0 0 0 1 
and 
I i 0 0 
F t ( R , s ) = F ( R , s ) F - I ( R , t )  = { h ( R , s ) - h ( R , t ) }  1 0 
0 0 1 
(4.2) 
(4.3) 
where h(1{, t) = ROg(R, t)/OR denotes shear in the circumferential direction. 
It is convenient to describe the mot ion of the cylinder in three time intervals: (i) at rest with 
g(R,s) = 0 for s < 0% (ii) an instantaneous deformation from s = 0 to s - 0  + with 
g(R, 0-)  = 0 and 9(R, 0 +) r 0, and (iii) a continuous motion for s > 0 +. The quantities which 
appear  in Eq. (2.9), B and B 2, their invariants I i  and I2, and Ct(s) ,  can be found from Eqs. 
(4.2) and (4.3). By substituting these into Eq. (2.9) and then accounting for the three separate 
time intervals of  the motion,  expressions for the normal  and shear stresses are obtained. The 
calculation is lengthy and is omitted for the sake of  brevity. Details can be found in [13]. 
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The relation between shear stress a,.o(R, t) and shear strain history h(R, s) is given by 
~o(n, t) = a + [1 + h2(R, t)] 2 + [3 + h2(R, t)] [c + dh2(R, t)] h(R, t) 
[c + dh2(R, t)] [2 + h2(R, t)] h(R, t) + 2h(R, 0 +) [Po(t) + h2(R, t) Qo(t)] 
t t 
+ - + s) 
0+ 0 + 
( QI@) ) [2 2- /~(f~, 0 +) h(i~, ~) -  h2(_/~, ~)] + h(R '0+)  P~(~) ~ [1 + h~(R, t ) f  
t 
~-2h(1~,,) / (Pl(t-s) h(.:8)Oh(~js) ) d8 
o + 
f 
O T  ds 
0 + 
t 
2_h(R,t) f @l(t_s) h(R.s)Oh(R,s)) 
+ [l + h2(R,t)]2 J ' Os ] d s  
t 
+ [ 1 + ~  2 j 2 -  h2(R,t) f ( Q l ( t -  s) Oh(R's))O~s J ds. (4.4) 
Note that cr~o(R, t) is odd in the shear strain history. It can be shown that the normal stresses 
are expressed in terms of/3(R, t) and the shear strain history. They will not be used in the 
remainder of this paper and are omitted for the purpose of brevity. 
As mentioned above, the inertia of the bushing is ignored. After accounting for axial sym- 
metry, the equations of motion reduce to 
O~Trr ~Trr -- {700 
o~- + r - 0 ,  (4.5) 
0c~,r0 2 
Or [- -a~0r = 0. (4.6) 
Equations (4.4) and (4.6) can be used to determine h(R, s). In the remainder of this Section, 
the emphasis will be on these equations for h(R, s). 
Note that Eq. (4.6) can be integrated to give 
~o(R,~)- M(t) (4.7) 
27rR2L ' 
where M(t) is the torsional moment on the inner rod. 
Let G denote the shear modulus which is defined by 
lim (7~o(R, 0 +) _ G. (4.8) 
h(R, 0+)40 h(R, 0 +) 
It follows from Eq. (4.4) that 
G =  a + b + c + 2{Po(O +) +PI(0  +) +QI(0+)}. (4.9) 
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The values for a, b, c and P0(0*), PI(0+), QI(0 +) in Table 1 give G = 107.95(psi). 
Let the non-dimensional radius/~ be defined by/~ = R/R~. Then,/~i = 1 and/~o = Ro/R4 
denotes the ratio of the outer radius to the inner radius. Since rotation g(R, t) is dimension- 
less, ~(/~, t) = g(R, t), and the non-dimensional shear is 
0/~ (4.10) 
Let the non-dimensional moment 3~(t) be defined by 
M(~)_ M(~) (4.11) 
2~Ri2LG " 
The shear stress and shear strains in Eq. (4.4) are regarded as functions of the non-dimensio- 
nal radius/~. Then, using Eqs. (4.9) and (4.11), Eq. (4.7) becomes 
~,.o(~,~) = a R ~  (4.12) 
Combining Eq. (4.12) and Eq. (4.4) gives a relation among 2~/(t), /~, and (/~(/~, s), 
0 < s < ~). The non-dimensional rotation at the inner radius 0(1, t) is calculated from 
/~o ^ ^ 
)(1,t) = _ o[ h(R,t)̂  dl~. (4.13) 
J R 
1 
The relation between the torsional moment ~/(t) and the rotation at the inner radius 
~(1,t) is defined by the system of Eqs. (4.4), (4.12), and (4.13). M(~) appears explicitly in 
Eq. (4.12). When/V/(t) is specified, Eqs. (4.4) and (4.12) become a nonlinear Volterra integral 
equation for the shear strain history (]{(/~, s), 0 < s < ~). ]~(R, t) can be determined at each 
radius/~, and then ~(1,t) can be found by using Eq. (4.13). Conversely, when the rotation 
history at the inner radius (~(1, s), 0 < s < t) is specified, the corresponding moment history 
2~/(t) must be determined by an iteration process. Let _~/(~)(t) denote the n t]~ iteration for the 
moment, and let ~('~)(1, t) denote the rotation at the inner radius which is determined by the 
process outlined above. Moment iteration 2~/(~+1) (t) is chosen so that 0(~+1) (1, t) converges to 
the specified rotation 0(1, t). Because of the complexity of the system of Eqs. (4.4), (4.12), and 
(4.13), this process requires much more computation time. In summary, the moment-rotation 
relation consists of a computationally intensive procedure. 
5 Exact bushing response 
The bushing model just presented is now used to determine the moment responses to several 
specified rotation histories. These represent possible experimental control conditions, and the 
responses represent numerically generated 'experimental' results. Two rotation histories are 
considered, the step rotation history 
~(i, ~) = 90, t > O, (5.1) 
and the ramp rotation history 
~(1, ~) : ~o , ~- t ,  O < t < T  , 
= ~o, t _> T*. 
( 5 . 2 )  
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Table 1. Material functions for SBR at 0~ 
Time (sec) P0 (t)psi Q0 (t)psi P1 (t)psi Q1 (t)psi 
1 4.30 -0.575 4.95 4.05 
2 4.10 0.575 3.675 3.05 
4 3.735 0.535 2.75 2.25 
6 3.45 0.510 2.40 1.80 
10 3.05 -0.470 1.95 1.30 
15 2.70 - 0.415 1.625 1.05 
20 2.50 0.375 1.425 0.875 
30 2.15 0.310 1.150 0.725 
40 1.92 0.275 0.95 0.61 
50 1.75 -0.235 0.825 0.55 
60 1.60 -0.215 0.75 0.5 " 
120 1.05 0.125 0.425 0.31 
180 0.75 0.08 0.25 0.225 
360 0.20 - 0.025 0.125 0.1 
540 0.05 0 0.05 0.05 
720 0 0 0 0 
*Po(0) = 4.5; Q0(0) = -0.575; 1~ = 6.225; Qz(0) = 5.05. 
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Fig. 2. Step rotation control test for 9(1, t) = 0.4, 0.6, 0.8 
Results  for step ro ta t ion  histories (90 = 0.4, 0.6, 0.8) are shown in Fig. 2. Note  tha t  the 
m o m e n t s  have a lmost  reached their fully relaxed values when  t = 50 sec. This is consis tent  
with the behav ior  of  the mater ia l  re laxat ion  propert ies  in Table  1 which are close to their long 
t ime equ i l ib r ium values when  t = 50 sec. Note  tha t  a s ignif icant  a m o u n t  of  m o m e n t  re laxat ion  
occurs. 
Results  for r a m p  ro ta t ion  histories (90 = 0.8, T* = 2, 4, 6, 8 sec.) are shown in Fig. 3a. 
Note  tha t  2~/(T*) increases as T* decreases and  appears  to approach  a l imit ing value as 
T* --* 0. Also no te  tha t  2~/(50) is i ndependen t  of  T*, i l lus t ra t ing the p roper ty  of  fading 
memory .  
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R a m p  rotat ion control  test  
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Shear strain histories at the inner surfaces h(1, t) were computed, but details are omitted 
here for the purpose of brevity. It is worth mentioning results for step rotation control tests. 
Although 9(1,t) is constant, the shear strain /~(1,t) decreases in time. Thus, according to 
Eq. (4.13), the shear strain distribution varies with time in order to keep 9(1,t) constant. 
For details, see [13]. 
Rotation histories were computed for step moment histories and ramp moment histories, 
the latter of the form in Eq. (5.2). Figures showing these results are omitted here for the pur- 
pose of brevity, and may be found in [13]. Results for step moment histories show that there 
is a significant amount of creep. They also show the nonlinearity of response, in the sense 
that when the moments are scaled by some factor, the rotations are not. Results for ramp 
moment histories show that 9(1, T*) appears to approach a limiting value as T* ~ 0. They 
also show that 9(1,50) is independent of T*, which illustrates the property of fading 
memory. 
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Moment  relaxation function R(d,t) for d=0.8 
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Fig. 3. a Ramp rotation control 
test b Moment extrapolation 
e Moment relaxation function 
for 0 < t < 1 sec. fl Moment re- 
laxation function 
6 Explicit moment-rotation relation 
The moment-rotation relation given by the system of Eqs. (4.4), (4.12), and (4.13) is an exact 
one, restricted only by the modeling assumptions. If  this system of equations were to be used 
in practical applications, computationally intensive numerical methods would be required in 
order to determine one history when the other is specified. In this Section, we consider a rela- 
tion in which the torsional moment is expressed explicitly in terms of the rotation history, 
namely, the Pipkin-Rogers model presented in Section 3. This relation provides an approxi- 
mation to that given by the exact system, but requires less computation time. It also accounts 
for the nonlinear viscoelastic response of the bushing illustrated in Section 5. 
For present purpose, we use the form of the Pipkin-Rogers model in Eq. (3.2) for bushing 
response in torsional motion, 
t. 
/ a R ( ~ ( 1 ,  s), i - s) d~(1, s) 
~:f(t) =/~(~(1, 0), t) + 0~(1, s) ds ds, (6.1) 
0 + 
where R(~, t) is the rotation dependent moment relaxation function. We now explore this 
model as an approximation to the exact moment-rotation response for torsional motion. 
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Table 2. The cases which were carried out for the extra- 
polation procedure 
g0 Tl*(sec) T2*(sec)  T3*(sec)  T4*(sec) 
0.2 8 6 4 2 
0.4 8 6 4 2 
0.6 8 6 4 2 
0.8 8 6 4 2 
1.0 8 6 4 2 
S. B. Lee and A. Wineman 
Table 3. The values of ({, % C1 + C2) obtained from the 
extrapolation process for ~ = 0.8 
[ (second) ~- (second) Cz + C~ 
0 3.4148 1.4023 
0.1 3.4148 1.3948 
0.5 3.4148 1.366 5 
1.0 3.4148 1.3326 
6.1 Determination of moment relaxation function from the exact model 
The moment  relaxation function R(9, t) was determined by the process outlined in Section 3. 
Ramp rotation control tests were simulated numerically using the exact model defined by 
Eqs. (4.4), (4.12), and (4.13). The moment histories were treated as numerically generated 
experimental data which are to be used for finding R(~, 1). 
The ramp rotation histories at the inner radius 9(1, t) have the form 
9(1, t) : 90 t, 0 < t < T /  
=~o, T ? < t .  
(6.2) 
The extrapolation procedure outlined in Section 3 was carried out for each value of  ~0 and 
T S listed in Table 2. Note that the rotation at the inner radius 9(1, t) and the non-dimensio- 
nal torsional moment  2V/(t) correspond respectively to A(Ai, Tj*, t) and /~exp(Ai, Tj*, t) in 
Section 3. 
Results are discussed for g0 = 0.8. Similar comments apply to 9o = 0.2, 0.4, 0.6. The calcu- 
lated non-dimensional moment  data/~exp(90, T*, T* + [) vs. T* are represented by the sym- 
bols at T* = 2, 4, 6, 8 sec. in Fig. 3b. The extrapolation functions /~fi~(90, [, T*) defined in 
Eq. (3.9) were fit to these data for several choices of  { and are also plotted in Fig. 3b. The 
values of  parameters in these fits are shown in Table 3. The intersections of  these functions 
with the vertical axis gives the limits in Eqs. (3.8) and (3.11), that is, l~fit(~o, [, O) = R(9o, [) 
= C1 + 6'2. The values of  R(9o, {) for [ = 0, 0.l, 0.5, 1 sec. are indicated by the circles in 
Fig. 3c, which shows the moment  relaxation function for g0 = 0.8 on the time interval 
0 < t < 1 sec. This process was carried out for a set of  times [, 0 < t < 40 sec, and the moment  
relaxation function on this time interval is shown in Fig. 3d. 
These results can be used to evaluate the extrapolation process. This is done by comparing 
the moment  relaxation function determined by the extrapolation process in Section 3, 
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]2~fi~(~70 , [, 0), with the moment  relaxation function determined using the exact model in Sec- 
tion 5, R(~0, t) ,  
Eextrap({) = /~/it(~o,{,O) ~_R(Oo,{) (6.3) 
R(~0, {) 
At { = 0, for g0 = 0.2, 0.4, 0.6,/~extrap ~ 0.006 and Eextrap ~ 0.007 for 90 = 0.8. Thus, at { = 0, 
this extrapolation has a relative error below 1%. The largest errors occurred for t < 10sec, 
and were less than 1%. For  10 < t < 40 sec, the error was much less than 1%. Therefore, the 
extrapolation process can be regarded as reliable. 
6.2 Mathematical representation of R(~, t)for the Pipkin-Rogers model 
The moment  relaxation functions for 90 = 0.2, 0.4, 0.6, 0.8, 1 are shown together in Fig. 4 a. 
Note that the curves in Fig. 4 a were produced by plotting the values of/~fit(90, {, 0) and let- 
ting the computer graphics program produce a smooth curve. Isochrones of  R(~, t) at t = 0, 
5, 10, 20sec. are shown in Fig. 4b.  It was found that the isochrones could be fit by a fifth 
degree polynomial in the rotation 9- Because the shear stress err0 is odd in the shear strain, 
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the polynomial contains only odd powers of g. Thus, R(9, t) was represented in the form 
R(g , /~) = 0a l ( t )  4- 03a3(t) 4- 05G5(~). (6.4) 
The moment  relaxation functions shown in Fig. 4 a represent a data set which can be used 
for finding (G1 (ti), Ga(ti), Gs(ti)). Let ~(a) be a value of a step rotation. Recall that l{f~t([~ (a) , 
fi, 0) denotes the value of  the extrapolated moment  relaxation corresponding to 0(a) and ti. 
Then, (G1 (ti), Ga (ti), G5 (ti)) were determined to minimize the least squares error 
5 
E ( ~ )  : Z (R(0 (~ t~) - & ~ ( r 1 7 6  t~, 0)) 2 , (6.5) 
6=1 
where, by (6.4), 
]~(O (a), ti) = O(a)Gl(ti) 4- @(a))3 Ga(ti) 4- (0(a)) 5 G5($i). (6.6) 
A description of this least squares minimization process is omitted for brevity, details can be 
found in [14]. The coefficients (GI (td, aa(t~), as(t~)) produced by this process are obtained at 
a set of times ti for 0 < ti <_ 40 sec. and are shown in Fig. 5 a. Note that the plots were produced 
by specifying data points and letting the computer graphics program produce a smooth curve. 
It was found that this data can be represented by sums of  exponential functions, 
Gi@) = ~i1 4- Ci2e -~/r'i2 4- Ciae -t/r~a 4- Ci4e -t/r~4 , (6.7) 
where i = 1, 3, 5. The parameters (Ci~, rim a = 1, 2, 3, 4, /3 = 2, 3, 4) were found by using 
the nonlinear least squares method [15], [16] and are shown in Table 4. 
Let the relative error of the fit of  Gi (t) to the data represented by Gi (t) be defined by 
Ei V q':l (0i(tG) - -  ai(tG)) 2 
- , (6.8) 
~:1 (a{(t~))2 
where i = 1, 3, 5. The relative errors are E1 = 0.0013, Ea = 0.0018, E5 = 0.0134. Therefore, 
the data (Gi(tT), i = 1, 3, 5, 0 <_ t 7 <_ 40sec.) can be approximated by (d{(t) ,  i = 1, 3, 5) in 
Eq (6.7) with a relative error below 2%. The plots of the data points and of  the expressions in 
Eq. (6.7) are nearly indistinguishable in Fig. 5 a. The difference between the values for Gl(t)  
in Fig. 5a and the values determined from Eq. (6.7) is shown in Fig. 5 b. 
The complete form of  the Pipkin-Rogers model for the torsional motion obtained by com- 
bining Eqs. (6.1), (6.4), and (6.7) is as follows: 
t 
OR(O(1, s), t - s) dO(1 , s) 
~/( t )  : R(0(1,  0),~) + 09(1, ~) d~ d~, (6.9) 
0 + 
where 
(C]14- C12c t f;/TI24- C13c t/T13) ,0(1,~ ) R(O(1, t ) , t )  
+(Q, 4- 4- (o(1, (6.1o) 
4-(O514- 052e -'/'<52 -~ 053g--t/"<Sa 4- 054 g-t/T54) (0(1,~)) 5 , 
where (C,~, ris, c~ = 1, 2, 3, 4, /3 = 2, 3, 4) are in Table 4. 
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Table 4. Parameters related to moment relaxation function 
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i Cil Ci2 Ci3 Ci4 7-i2 Ti3 Ti4 
1 1 .611 4 0 . 2 4 4  8 0 . 2 4 0  0 0 1 5 . 6 8 9  5 2 . 0 8 7  7 N o t  a p p l i c a b l e  
3 - 0 . 4 9 5  1 - 0 . 1 0 2 0  0 . 1 3 8  7 0 1 2 . 3 6 5 4  2 . 8 2 8  5 N o t  a p p l i c a b l e  
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7 P r ed i c t i ve  qua l i t y  o f  the  Pipkin and R o g e r s  m o d e l  
The Pipkin-Rogers  model  in Section 6 was introduced as an approximat ion  to the exact model  
defined by the system of  Eqs. (4.4), (4.12), and (4.13). The purpose  of  this Section is to discuss 
the accuracy of  the Pipkin-Rogers  model  as an approximat ion  to the exact model.  Both the 
exact model  and the Pipkin-Rogers  model  were used to calculate the moment  responses to spe- 
cified ro ta t ion  histories. Fo r  evaluat ion purposes,  the relative error  E is defined by 
E -- II (Pipkin and Rogers output) - (Exact output) H (7.1) 
II (Exact output)II 
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The particular rotation histories used are the constant rate rotation and recovery histories 
defined as follows: 
0.8 
~(1, t) = ~ - ~ ,  0 < ~ < ~, 
- - - - { /  - 
= 0, 2{<  t < 40sec., 
where {is the rise time. 
Fig. 6 a shows the rotation history in Eq. (7.2) for { = 10 sec. and the moment response 
history computed using the exact model. The moment  response history for the same rotation 
history was also computed using the Pipkin-Rogers model. The difference between the 
moment  responses for the exact and Pipkin-Rogers models is very small and is shown in 
Fig. 6 b. The relative error is 0.028 8. Calculations were also carried out with { = 5 sec, and 
the relative error was 0.030 3 (see [13]). For  those two cases, the relative errors are about 3% 
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8 Conclusions 
Two different moment-rotat ion relations for torsional mode response of  an elastomeric bush- 
ing have been studied and compared. The first is the implicit but exact model of  Section 4 and 
is defined by the equations of  a boundary value problem used to simulate the exact bushing 
response. The second relation is the explicit but approximate model of  Section 6 (Pipkin- 
Rogers model) and is expressed in terms of  a moment  relaxation property determined from 
the exact model. 
The moment  relaxation property in the explicit moment-rotat ion relation was determined 
by a method which extrapolates results obtained from the boundary value problem repre- 
senting the exact bushing response. The extrapolated and exact moment  relaxation functions 
were in very close agreement. Moment  histories corresponding to several specified rotation 
histories were then calculated using the exact implicit model and the approximate explicit Pip- 
kin-Rogers model. The results were in very close agreement and indicate that the proposed 
explicit moment-rotat ion relation and the method for determining the moment  relaxation 
function will give a very good approximation to the exact response. It thus appears to be 
quite suitable for use in multi-body dynamics codes. 
It is useful to make several comments about the proposed moment-rotat ion relation. First, 
the present study is carried out for one specific constitutive equation. Second, comparisons 
were carried out for only a limited number of  rotation histories. It would be useful to know 
constitutive properties or rotation histories which produce poorer agreement and hence pro- 
vide a better test of  the proposed moment-rotat ion relation. Finally, the results have been 
shown to be satisfactory over only a limited time range. This may be acceptable for use in 
multi-body dynamics simulations involving short time intervals such as when a tire hits a 
bump or a pot-hole. 
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